Abstract. Let M be a finite module over a commutative noetherian ring R. For ideals a and b of R, the relations between cohomological dimensions of M with respect to a, b, a ∩ b and a + b are studied. When R is local, it is shown that M is generalized CohenMacaulay if there exists an ideal a such that all local cohomology modules of M with respect to a have finite lengths. Also, when r is an integer such that 0 ≤ r < dim R (M ), any maximal element q of the non-empty set of ideals {a : H i a (M ) is not artinian for some i, i ≥ r} is a prime ideal and that all Bass numbers of H i q (M ) are finite for all i ≥ r.
Introduction
Throughout R is a commutative noetherian ring, a is a proper ideal of R, X and M are non-zero R-modules and M is a finite (i.e. finitely generated). Recall that the ith local cohomology functor H i a is the ith right derived functor of the a-torsion functor Γ a . Also, the cohomological dimension of X with respect to a, denoted by cd (a, X), is defined as cd (a, X) := sup{i : H i a (X) = 0}.
In section 2, we discuss the arithmetic of cohomological dimensions. We show that the inequalities cd (a + b, M ) ≤ cd (a, M ) + cd (b, M ) and cd (a + b, X) ≤ ara(a) + cd (b, X) hold true and we find some equivalent conditions for which each inequality becomes equality.
In section 3, we study artinian local cohomology modules. We first observe that over a local ring (R, m) if there is an integer n such that dim R (H i a (X)) ≤ 0 for all i ≤ n (respectively, for all i ≥ n), then H i a (X) ∼ = H i m (X) for all i ≤ n (respectively, for all i ≥ n + ara(m/a)) (Theorem 3.2). In this situation, if X is finite then H i a (X) is artinian for all i ≤ n (respectively, for all i ≥ n + cd (m/a, X)), which is related to the third of Huneke's four problem in local cohomology [11] . Here, for ideals a ⊆ b, cd (b/a, X) is introduced to be the infimum of the set {cd (c, X) : c is an ideal of R and √ b = √ c + a}. It is deduced that M is generalized Cohen-Macaulay if there exists an ideal a such that all local cohomology modules of M with respect to a have finite lengths (Corollary 3.4).
Section 4 is devoted to study non-artinian-ness of local cohomology modules. Note that cd (a + Rx, X) ≤ cd (a, X) + 1 for all x ∈ R [9, Lemma 2.5], we show that if there exist 
Arithmetic of cohomological dimensions
Assume that a, b are ideals of R and that X is an R-module. In this section, we study relationships between the numbers cd (a, X), cd (b, X), cd (a+b, X), cd (a∩b, X)(= cd (ab, X)), ara(a), etc, which are interesting in themselves and we use them to determine artinian-ness and non-artinian-ness of certain local cohomology modules in the next sections.
Lemma 2.1. Let X be an R-module and let t be a non-negative integer such that for all r,
Proof. By [14, Theorem 11.38] , there is a Grothendieck spectral sequence
is a subquotient of E t−r,r 2 which is zero by assumption. Thus E t−r,r t+2 is zero, that is E t−r,r ∞ = 0. There exists a finite filtration
as desired.
The following corollary is the first application of the above lemma.
Corollary 2.2. For a finite R-module M , the following statements hold true.
Proof. (i) Assume that t is a non-negative integer such that t > cd (a, M ) + cd (b, M ). We (ii) Consider the Mayer-Vietoris exact sequence
p, the claim follows from part (ii).
Remark 2.3. In the above corollary, one may state more precise statements is certain cases as follows:
Note that the proof of (ii ′ ) is similar to that of Corollary 2.2(ii). For (iii ′ ), we have
The result follows by induc-
For a general module X, not necessarily finite, we have the following result.
Corollary 2.4. Let X be an arbitrary R-module. Then the following statements hold true.
Proof. The proofs of (i) and (ii) are similar to those of Corollary 2.2 (i) and (ii), respectively.
For (iii), let e = cd (a, X) and f = ara(b/a). There exist
We need some sufficient conditions for validity of the isomorphism H
, for given non-negative integers s and t, which is crucial for the rest of the paper, e.g. to determine equalities in Corollary 2.2(i) and Corollary 2.4(i).
Lemma 2.5. Let X be an arbitrary R-module and let s, t be non-negative integers such that
Proof. Consider the Grothendieck spectral sequence 
There is a finite filtration
Note that for each r, 0 ≤ r ≤ t − 1 or t + 1 ≤ r ≤ s + t, E s+t−r,r ∞ = 0 by assumption (a).
Therefore we get
Now, we are able to discuss conditions under which the inequalities Corollary 2.2(i) and Corollary 2.4(i) become equalities.
Corollary 2.6. Suppose that M is a finite R-module such that (a + b)M = M . Then the following statements hold true.
(ii) The following statements are equivalent.
Proof. With a similar argument, one has the following result for an arbitrary module.
Corollary 2.7. Suppose that X is an arbitrary R-module. Then we have
(ii) The following statements are equivalent. (X)).
artinian local cohomology modules
In this section, we study artinian property of local cohomology modules. For this purpose, for ideals b ⊇ a, we introduce the notion of cohomological dimension of an R-module X with respect to b/a. It is easy to see that cd (b/a, X) ≤ ara(b/a) and, for a finite R-module M ,
by Corollary 2.2(i). Note that when aX = 0, we have cd (b/a, X) = cd (b,
Now, we can state the following theorem.
Theorem 3.2. Let b ⊇ a be ideals of R, let X be an arbitrary R-module and let n be a non-negative integer.
Proof. Let u = ara(b/a) and v = cd (b/a, M ). There exist x 1 , ..., x u ∈ R and an ideal c of R such that cd (c, M ) = v and (x 1 , ..., x u ) + a = √ b = √ c + a. In computing local cohomology modules, we may assume that (x 1 , ..., x u ) + a = b = c + a. Now, for all i, 0 ≤ i ≤ n, (respectively, i ≥ n + u, i ≥ n + v,) apply Lemma 2.5 with s = 0 and t = i to obtain the isomorphisms Γ (x1,...,xu) (
Therefore all of the assertions follow. Corollary 3.3. Let R be a local ring with maximal ideal m, let M be a finite R-module and let n be a non-negative integer. (ii) There exists an ideal a such that H i a (M ) is of finite length for all i, 0 ≤ i < dim R (M ).
Proof. (i) ⇒ (ii). It is trivial. (ii) ⇒ (i). This follows from Theorem 3.2(i).
A non-zero R-module X is called secondary if its multiplication map by any element a of R is either surjective or nilpotent. A prime ideal p of R is said to be an attached prime of X if p = (T : R X) for some submodule T of X. If X admits a reduced secondary representation, X = X 1 + X 2 + · · · + X n , then the set of attached primes Att R (X) of X is equal to { √ 0 : R X i : i = 1, · · · , n} (cf. [12] ).
Assume that M is a finite R-module of finite dimension d and that a is an ideal of R. It is well-known that H 
The proof of (i) ⇒ (ii) is clear. To prove (ii) ⇒ (iii), one may use LichtenbaumHartshorne Vanishing Theorem. For (iii) ⇒ (i), choose a submodule N of M such that
Applying Theorem 3.2(i) gives the claim. This remark shows that if M is equidimensional, then
Recall that, an R-module X is said to be minimax if it has a finite submodule X ′ such that X/X ′ is artinian (See [15] ). Note that the class of minimax modules includes all finite and all artinian modules. We close this section by showing that if m is a maximal ideal containing a, then H i m (M ) is artinian for all i ≤ n (respectively, for all i ≥ n + cd (m/a, M )) whenever H i a (M ) is minimax for all i ≤ n (respectively, for all i ≥ n). We first bring an analogous lemma as Lemma 2.1. Lemma 3.6. Let X be an R-module and let t be a non-negative integer such that
Proof. By the Grothendieck spectral sequence
the proof is similar to that of Lemma 2.1. Theorem 3.7. Let m be a maximal ideal of R contains a, let X be an arbitrary R-module and let n be a non-negative integer. Then Proof. By considering lemma 3.6, this is similar to that of Theorem 3.2.
Non-artinian local cohomology modules
In this section, we study those local cohomology modules which are not artinian. The following two results give us many non-artinian local cohomology modules.
Corollary 4.1. Let X be an R-module, let n be a positive integer and let x 1 , ..., x n ∈ R such that cd (a + (
Proof. By Corollary 2.4(i), ara(x 1 , ..., x n ) = n. By Corollary 2.7(ii) and Grothendieck Vanishing Theorem, we have dim R (H cd (a,X) a (X)) ≥ n and so H cd (a,X) a (X) is not artinian. 
Now it is natural to raise the following question. It is clear that the above question has a positive answer if R is local and a is generated by a subset of system of parameters of M of length smaller than dim R (M ).
In the rest of the paper, we study the set of ideals b of R such that H i b (M ) is not artinian for some non-negative integer i. 
it follows that, for each i ≥ r, the modules H (ii) Assume that x, y ∈ m \ q such that xy ∈ q. As q + Rx and q + Ry properly contain q, it follows that the modules H 
